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Hyperbolic Geometry
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A Hyperbolic Structure on a Surface
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A Hyperbolic Structure on a Surface
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Wall-Letter Association
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Comparing Hyperbolic Structures on a Surface
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Surfaces and Thurston’s Metric

Let ℓi (γ) be the length of the unique geodesic representative in S with
respect to some representation ρi .

Definition (Thurston’s Asymmetric Metric)

dTh(ρ1, ρ2) = log

(
sup

γ∈π1(S)

ℓ2(γ)

ℓ1(γ)

)
.

With probability 1, this sup is a max. Our problem is to certify for which
geodesic this maximum is obtained.
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Comparing Geodesics

For the rest of the presentation,
fix a guess optimizer u ∈ π1(S).

Definition (β(z))

For a word z ∈ π1(S), we define:

β(z) :=

[
ℓ1(z)
ℓ2(z)

]
·
[
−ℓ2(u)
ℓ1(u)

]
.
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Preprocessed Words
We define a preprocessed word p to be a reduced word of even length n.

Consider all words of the form:

γ = . . . p . . .

We define Li (p) to be set of possible lengths.
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Comparing Preprocessed Words

Definition (βP(p))

For a preprocessed word p, we
define:

βP(p) :=

[
inf(L1(p))
sup(L2(p))

]
·
[
−ℓ2(u)
ℓ1(u)

]
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Progress Check

For a particular example, the distribution of βP(p) for n = 6 is below with
optimizer ab.

We find 162/972 ∼ 16.67% of the preprocessed word betas are positive.
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Groupings

To get information of a geodesic over multiple domains, we introduce
groupings.

Similarly to preprocessed words, we can define:

βG (g) :=
∑
p∈g

βP(p).
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Grouping Distribution

The distribution of groupings for m = 7 and n = 6 is below.

Of the 708588 groupings, only 162 or 0.023% are positive.
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Idea Behind Certification

m Most Positive Grouping Beta Beta
2 ABabaBA 1.365
4 ABababaBA 1.683
6 ABabababaBA 2.000
7 BAbabababaBA 4.089
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Certification

Theorem (Certification)

The algorithm we have informally outlined can certify that a particular
word is the optimizer for free group representations.
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Converse

Theorem (Converse)

Suppose there exists some δ > 0 such that for every word w that is not
the optimizer, we have β(w) ≤ −δ. Then the algorithm we have outlined
will certify the optimizer.
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