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Abstract. In previous work, Darvas, George and Smith obtained inequali-
ties between the large scale asymptotic of the J functional with respect to the di
metric on the space of toric Kidhler metrics/rays. In this work we prove sharp-
ness of these inequalities on all toric K&hler manifolds, and study the extremizing
potentials/rays. On general Kahler manifolds we show that existence of radial
extremizers is equivalent with the existence of plurisupported currents, as intro-
duced and studied by McCleerey.

1. Introduction and main results

Let (X,w) be a Kéhler manifold of dimension n. We consider the space
of Kéhler metrics that are cohomologous to w:

H = {(,D Kéhler on X and [0]4r = [w]dR}

By the 00-lemma, for all & € H there exists v € C°°(X), unique up to
a constant, such that ©@ = w,, := w + i0du. Consequently, instead of looking
at ‘H directly, one can work with the space of Kdhler potentials instead:

H,, := {u € C*°(X) such that w + i00u > 0}.
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By PSH(X,w) we denote the space of quasi-plurisubharmonic functions u
satisfying w, := w +i90u > 0, in the sense of currents. Clearly, H, C
PSH(X,w), hence all Kéahler potentials are w-plurisubharmonic (w-psh). For
a comprehensive treatment of w-psh functions we refer to the recent book
[24, Ch. 8], for a quick introduction see [12, Appendix A.1], [5, Sec. 2].

Let I: H, — R be the Monge-Ampére energy, one of the most basic
functionals of Kahler geometry:

(1) I(u) == ﬁ;}/}{uwj/\wg_j,

where V = [, w" is the volume of (X,w). For a detailed analysis of the
I functional we refer to [5, p. 111} and [12, Sec. 3.7]. Closely related, the
J functional J: H, — R is defined as follows:

J(u) = %/qu"—f(u).

Using Stokes’ theorem one can prove that J(u) > 0, and in many ways J acts
as a norm-like expression on H,,. This aspect will be revisited in this work.

By definition, the space of Kahler potentials H,, is a convex open subset
of C*°(X), hence it is a trivial “Fréchet manifold”. Motivated by questions
in stability, one can introduce on H, an L' type Finsler metric [10]. If
u € H, and € € TyH, ~ C®(X), then the L'-length of ¢ is given by the
following expression:

1
2) lelh = 57 [ 1€l

The analogous L? type metric was introduced by Mabuchi [25] (indepen-
dently discovered by Semmes [28] and Donaldson [21]). This Riemannian
metric was studied in detail by Chen [7], and for more historical details we
refer to [12, Ch. 3].

To the Finsler metric in (2) one associates a path length pseudo-metric
di(-,-) on H,. As proved in [10], d; is actually a metric and (H,,d;) is
a geodesic metric space, whose abstract completion can be identified with
(EY,dy), where &' € PSH(X,w) is a space of potentials introduced by Guedj—
Zeriahi [23], inspired by work of Cegrell [9] in the local case.

Extremizing potentials in toric case and conver analysis. By [10, Remark
6.3] it was known that d; and J are asymptotically equivalent on H,,. In [16]
the authors set out to sharpen the constants in the asymptotic comparison
of J and dy, and proved the following global inequalities on toric Kahler
manifolds:
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EXTREMIZERS OF THE J FUNCTIONAL 3

THEOREM 1.1 [16]. Let (X,w) be a toric Kdhler manifold. Then there
exists a constant D > 0 such that

I G _p< - |
B <n+1> J(u) =D < di(0,u) <2J(u) + D, weH,NI(0)
In case X = CP"™ and w is the Fubini—Study metric the constants multiplying
J(u) are sharp.

The motivation for obtaining sharpness in (3) stems from criteria of exis-
tence for canonical Kéhler metrics. It is expected that uniform K-stability of
(X,w) is related to energy properness with respect to the d; metric [2]. On
the other hand, in concrete situations one can often show energy properness
with respect to the J functional, also implying existence of canonical met-
rics (e.g. [29]). Naturally, there is an interest in converting such properness
criteria into K-stability criteria, and vice versa, as optimally as possible.

In [16, p. 3] the authors proposed to study the sharpness of the above
inequality in case of arbitrary toric Kéahler manifolds, not just projective
space. This is what we address in this work, and we show that (3) is sharp
for any toric Kéhler manifold.

As pointed out in [16, Sec. 2], using Legendre transforms, the pair of
inequalities in (3) is equivalent to a pair of integral inequalities involving
convex functions of a convex domain, as expressed in (4) below. We show
that this pair of inequalities is sharp on any convex domain, proving the
sharpness of (3) on any toric K&hler manifold:

THEOREM 1.2. Let P C R"™ be a bounded open convex set.
(i) [16] for any convex ¢ € L'(P), satisfying [p ¢ =0, the following in-
equality holds:

2 no\". 1 .
(4) _n+1.<n—+1> 1%f¢§m/13|¢‘dué_21%f¢’

(ii) there exists a convex function ¢ € L*(P) such that [, ¢ =0 and

2 n n 1
(5) —— (=) lgfqb:m/PWu.

Potentials ¢ satisfying (5) will be referred to as extremizers in this work.
When P is the unit simplex (corresponding to projective space), the exis-
tence of extremizers was proved in [16, Proposition 4.2].

Regarding the first inequality in (4), we don’t just prove the existence of
extremizers, but we end up characterizing them explicitly, with this answer-
ing another question posed in [16, p. 3] (See Theorem 3.6). What is more,
in Section 3.1 we characterize domains P admitting affine extremizers. Such
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domains P are always very special: they are the intersection of a cone with
a half-space.

Regarding the second inequality in (4), it is easy to see that it is always
sharp, but without any extremizing functions (See Remark 3.2).

Ezxtremizing rays and plurisupported currents. In [16] it was conjectured
that Theorem 1.1 holds in case of general Kahler manifolds as well. To pro-
vide evidence for this, the authors obtained the radial version of the expected
result, as we now recall, along with related terminology from [17].

Let {u;} € R! be a dj-geodesic ray [0,00) 3t — uy € E of (£1,dy), em-
anating from ug = 0 € H,,, and normalized by I(u;) =0, t > 0. Since the
J functional is convex along geodesics, one can define its slope along geodesic
rays (informally called the radial J functional):

(6) {us} = lim Lut)

t—oo t

The L! speed of a ray {u;}; is simply the quantity d;(0,u;). We have the
following inequality between the L! speed and the radial .J functional:

THEOREM 1.3 [16]. Suppose that (X,w) is a compact Kdhler manifold
and {u;}; € RY. Then the following inequality holds:

(7) nil . (nL)”J{ut} < dy(0,u) < 27 {us}.

The inequality is sharp in case of (CP™ wpg).

Since rays are constant speed, notice that the middle term in the above
inequality could have been replaced by the limit lim; m. In particu-
lar, (7) would instantly follow from the conjectured inequality (3) for general
Kéhler manifolds.

The sharpness of the second inequality in (7) is not difficult to argue on
any Kéhler manifold, using examples similar to Remark 3.2. As in Theo-
rem 1.2(ii), we are interested in the sharpness of the first inequality of (7)
on arbitrary Kéhler manifolds, and finding all extremizing rays.

It turns out that this question is tied to the existence of plurisupported
potentials in PSH(X,w), as introduced and studied in [26]. Recall that
v € PSH(X,w) is plurisupported if [y wy A w1 =0, ie., the current w, is
supported on a pluripolar set.

THEOREM 1.4. Suppose that (X,w) is a compact Kihler manifold. Then

there exists {u;}y € R such that J{u;}/d1(0,u1) = (nJ;i):H if and only if
there exists v € PSH(X,w) plurisupported.
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The construction of the extremizings rays {u; }; € R! in terms of plurisup-
ported currents v € PSH(X,w) is quite explicit, and is elaborated in Theo-
rem 4.7. What is more, it follows from Theorem 4.7 that all such extremizing
rays come from this same construction.

Existence of plurisupported potentials is a deep question related to a
number of important conjectures in the field. For details, we refer to
[26]. However if (X,w) is a projective Kéhler manifold, then there exists
v € PSH(X,w) such that w, = [D], for some divisor D C X. It is clear that
such v is plurisupported. Hence we get the following corollary:

COROLLARY 1.5. Suppose that (X,w) is a projective Kdhler manifold.

Then there exists {u;}¢ € R' such that J{u;}/d1(0,u;) = ("J;Li):“ In par-
ticular, the first inequality of (7) is sharp.

2. Preliminaries

2.1. Analysis on toric Kahler manifolds. In this short section we
point out how the inequalities (3) and (4) are equivalent. The material here
closely follows [16, Sec. 3], itself inspired from [19, Sec. 6] and [31]. We say
that (X,w) is a toric Kédhler manifold of dimension n if we can embed (C*)"
into X so that the complement of (C*)" inside X is a Zariski closed set.
Moreover, we ask that the trivial action of T" := (S!)" on (C*)" extends
to X, and the Kéhler form w is T"-invariant.

Using the fact that w is T™-invariant we get that

(8) w =100(tg o L) on (C*)",

where g € C°(R") and L(z1, 22, . .., zn) = (log |21, log | 22}, . . . , log | z,,|) € R™.
Since g o L is psh on (C*)™, the potential 1)y has to be strictly convex on R,
and we may choose 1(0) = 0.

By HT we will denote the metrics ' € H that are torus invariant, i.e.,
(S1)™ acts by isometries on w’. HZL will denote the corresponding space of
toric potentials.

For u € HL we can introduce the following potential

b = o+ uo B,
where E(z) = E(x,22,...,2,) = (e",e",...,e"™), x € R". The point is
that w, = 100y, o L on (C*)™.

The Legendre transform. Given w, € HI, it follows from a result of
Atiyah—Guillemin (see [6, Ch. 27]) that the “moment map” Vi, : R" — R"”
is one-to-one and sends R"™ to P :=Im V), which is a convex bounded
polytope, independent of u.
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Though we will not use it, by a theorem of Delzant, P satisfies a number
of additional properties (simple, i.e., there are n edges meeting at each ver-
tex; rational, i.e., the edges meeting at the vertex p are rational in the sense
that each edge is of the form p + tu;, 0 <t < 0o, where u; € Z"; smooth, i.e.,
these uq, ..., u, can be chosen to be a basis of Z"). What is more, such
Delzant polytopes P determine toric Kéhler structures (X, w) uniquely (see
[1] and [6, Ch. 28]).

Since ¥,: R™ — R is convex, we can take its Legendre transform and
obtain a dual convex function ¢,, with possible values equal to +oc:

buls) = Wi(s) i= sup ({s,a) — ¥ (x), s €R™

zeR"

Since Im Vi), = P, it follows that ¢,(s) is finite if and only if s € P.
Also, by the involutive property, for all z € R™ we will have

bo =" = Yu,
Ou(Vhu(z)) = (2, Vibu(2)) — hu(x)  and Vi (x) = s & Vyu(s) = .

Summarizing, the Legendre transform u — ) = ¢, gives a one-to-one
correspondence between elements of H. and the class C(P):

C(P):={f: P—Ris convex and f — ¢g € C*(P)},

where ¢o = 9. In addition, as pointed out in [22, Proposition 4.5], there is
a one-to-one correspondence between (S1)"-invariant elements of PSH(X, w)
N L and convex functions f: P — R for which f — ¢q is only bounded on P.
In particular, ¢g € L>®(P).

The L' geometry of toric metrics. We briefly describe the L! geometry
of H,, restricted to HL. Let [0,1] 3¢ — u; € HL be a smooth curve con-
necting ug,u; € HL. Taking the Legendre transform of the potentials 1,
we obtain

(9) (put(s) ‘= Sup {<x73> - wut ((L‘)} = <xt73> - wut ((L‘t), s € Rn7

reR"

where x; = x4(s) is such that Vi, (z¢) = s.
After elementary but tedious calculations (see [16, Sec. 3]) we conclude
that

(10) [tk =7t [ (M Ax) = 70! [ 16, (5] duto)

Analysis Mathematica



EXTREMIZERS OF THE J FUNCTIONAL 7

Hence the Legendre transform sends the L' geometry of HZL to the flat L!
geometry of convex functions on P. In the particular case when u; := ¢, we
obtain the following useful formula about the Kéahler volume:

(11) / W=V = an!/ dj.
X P

Regarding the underlying path length metrics, (10) has the following
important consequence:

THEOREM 2.1. Suppose ug,u; € HL. Then

1
(12) g, ) = — /P Gu () — bus ()] ds(s),

where u(P) is the Lebesgue measure of P.

As a consequence of the above theorem, one concludes that the d;-com-
pletion of #. can be identified with the space of convex functions on P, that
are also integrable on P.

The I and J functionals of toric metrics. In this paragraph we analyze
the I and J functionals in terms of the Legendre transform.

The I energy is essentially the Lebesgue integral, after applying the Leg-
endre transform. Indeed, let [0,1] 3 ¢ — v; € HL be any smooth curve con-
necting vop = 0 and v; = u. After elementary, but tedious calculations (see
[16, Sec. 3]), one obtains the following formula:

-1 1 .
(13) Iu) = Iw) = 10) = — /0 /P . () da(s)
-1

-5 /P (6uls) — do(s)) du(s).

Since ¢g € L*>°(P) [22, Proposition 4.5], we conclude that there exists
C = C(X,w) > 0 such that

~1 -1
14 —— | Gudp—C <I(u) < —— [ ¢pudu+C, HE.
(14) u(P)/1»¢ p—C< (u)<u(P)/p¢ 1w+ ue

Regarding the J energy, we can express its magnitude using the Legen-
dre transform. This will be sufficient for our analysis (see [16, Proposition
3.2]):

PROPOSITION 2.2. There exists C := C(X,w) > 0 such that for all u €
HI with I(u) = 0 we have

w

1
nlgfgzﬁu C < J(u) V/qu < 1%f¢u+C
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Putting together Theorem 2.1, (14), and Proposition 2.2, we obtain the
equivalence of the inequalities (3) and (4), as desired at the beginning of this
subsection.

2.2. The Ross—Witt Nystrom correspondence. In this subsec-
tion we recall the correspondence between geodesic rays and test curves, as
established in [18, Sec. 3.1] and [14, Sec. 4], building on [27].

A sublinear subgeodesic ray is a subgeodesic ray (0,+00) Dt u €
PSH(X,w) (notation {u;}+~0) such that u; —r1 ug := 0 as t — 0, and there
exists C' € R such that w(z) < Ct forallt >0, xz € X.

A psh geodesic ray is a sublinear subgeodesic ray that additionally sat-
isfies the following maximality property: for any 0 < a < b, the subgeodesic
(0,1)>t— vf’b = Ug(1—t)45 € PSH(X,w) can be recovered in the following
manner:

(15) v = suphy, tel0,1],
heS

where S is the set of subgeodesics (0,1) 5>t — hy € PSH(X,w) such that
i < i < .
}/{%ht_ua7 tlg}}ht_ub

We note the following properties of the map v — supy v along rays, es-
tablished in [18, Lemma 3.1]:

LEMMA 2.3. For any psh geodesic ray {u}¢, the map t+— supx u; is
linear. For sublinear subgeodesics, the map t — supy us S conver.

The statement for subgeodesics follows from t¢-convexity. To argue the
statement for psh geodesic rays, one can use [11, Theorem 1] together with
approximation by bounded geodesics, and the continuity of u +— supy u in
the weak L!'-topology of PSH(X,w).

A map R > 7+ ¢, € PSH(X,w) is a psh test curve, denoted {¢; }rcr, if

(i) 7+ 9, (x) is concave, decreasing and usc for any = € X.

(ii) ¥ = —oo for all T big enough, and 1 increases a.e. to 0 as 7 — —o0.
Condition (ii) allows for the introduction of the following constant:

(16) 7'12_ =inf{r eR: ¢y, = —o0}.

REMARK 2.4. We adopt the following notational convention: psh test
curves will always be parametrized by 7, whereas rays will be parametrized
by t. Hence {;}; will always refer to some type of ray, whereas {¢;}, will
refer to some kind of test curve. As recalled below, rays and test curves are
dual to each other, so one should think of the parameters ¢ and 7 as duals
to each other as well.
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EXTREMIZERS OF THE J FUNCTIONAL 9

Given v € PSH(X,w) we consider the following notion of envelope:
(17) Plv] = usc(sup {w € PSH(X,w), w <0, w < v+C for some C' > 0})

A psh test curve {9;}, can have the following properties:
(i) {¢+}+ is mazimal if Plp;] =, 7 € R,
(ii) {¢r}+ has finite energy if

(18) /_Z(/}(%—/Xwn>d7>_oo.

(iii) We say {9;}, is bounded if ¢, = 0 for 7 small enough. In this case,
we introduce the following constant, complementing (16):

(19) T, 1= sup {reR:y, =0}

Above we followed the convention P[—oo] = —o0, and we note that
bounded test curves are clearly of finite energy.

We recall the Legendre transform, helping establish the duality between
various types of maximal test curves and geodesic rays. Given a convex
function f: [0,4+00) — R, its Legendre transform is defined as

(20) f(r) = imf(f(t) = t7) = inf(f(t) = t7), T ER.

The (inverse) Legendre transform of a decreasing concave function g: R —
RU{—o0} is

(21) g(t) := sglg(g(T) +tr), t>0.

There is a sign difference in our choice of Legendre transform compared to
the convex analysis literature, however this choice is more suitable for us.

Given a sublinear subgeodesic ray {¢:}+ (psh test curve {¢;};), we can
associate its (inverse) Legendre transform at € X as

@T(az) = g(f)(qbt(as) —tr), TER,

Uy(x) == sup(r(z) +t1), t>0.
TER

(22)

The Ross—Witt Nystrom correspondence describes the duality between
various types of rays and maximal test curves, proved in [18, Theorem 3.7]:

THEOREM 2.5. The Legendre transform {1, }, — {1y }: gives a bijective
map with inverse {¢}¢ — {Pr} between:

Analysis Mathematica



10 S. BACHHUBER, A. BENDA, B. CHRISTOPHEL and T. DARVAS

(i) psh test curves and sublinear subgeodesic rays,
(ii) mazximal psh test curves and psh geodesic rays,

(iii) [27] mazimal bounded test curves and bounded geodesic rays. In this
case, we additionally have

TJtﬁlLtSTJt, t>0.

(iv) mazimal finite energy test curves and finite energy geodesic rays. In
this case, we additionally have

(23) I{} = I(Qtl}t) :%/_Tw </XwZT—/Xw”> dT+7’J,t>O.

Here I is the Monge—Ampeére functional defined in (1).

3. Extremizing functions on convex bodies

Let P C R™ be a bounded open convex set. Due to convexity of P we
have intP = P.

For any f: P — R convex, it is well known that the Isc extension of f: P
— (—00,00] is also convex, possibly taking up the value co. Since there will
be no chance for confusion, we will not distinguish f from its lsc extension.
Since P is compact, the infimum of f will be always realized on this bigger
set, and this will play a key role in our discussion below.

Before we discuss sharpness and extremizing potentials for Theorem 1.2(i),
let us recall the proof of this result from [16]:

THEOREM 3.1 [16]. Let P C R™ be a bounded open convex set. Then for
¢ € L'(P) convex and satisfying fP o du = 0, the following inequalities hold:

2 no\". 1 .
(24) _n+1.<n—|—1) 1%f¢§m/13|¢‘dué_21%f¢’

where the integration is in terms of the Lebesgue measure.

PRrOOF. First we argue the second inequality. Let
(25) P’ :={zeP:$p<0} and P’:={zecP:¢>0}

Since fP¢:fPf¢+fPf¢:O’ we have

/13'¢':_/13¢¢+/,3f¢:_2/p¢¢'

Analysis Mathematica



EXTREMIZERS OF THE J FUNCTIONAL 11

Furthermore, fpj’ ¢ > ,u(Pf) inf o0 ¢ > p(P)infp ¢, and the second estimate

follows.
We argue the first estimate. For all a € R, let

pP?={zeP:¢(z) <a}.

After re-scaling ¢, we can assume without loss of generality that infp ¢ =
—1. We first claim that

(26) /\¢| ().

Let y € P such that ¢(y) = infp ¢ = —1.
By convexity of ¢: P — (—o0,00], if —1 < a < b, we have
b—a a+1

2 P C PY, f ~1 b.
(27) b+1y+b+1 or any <a<

Taking measures of both sides we arrive at

(28) ,u(PIf’) < (Zii) ,u(Pf), for any —1 < a <b.

Since [p ¢ = fPfqb—l— fpfqb =0, we have [,|¢| = 2fPi’ ||, allowing to
bound [, |¢| and proving the claim:

(29) Loi=2 1 =2/_()1M(Pg?)dw

0
2
n o) [
> —
2/1(1—1—3:) w(P?) dx 1M(P ),

where we used that [ fdp= f0+oo p{f >t}dt = 0+°O p{f >t} dt for any

non-negative p-measurable f, estimate (28) for —1 < x < 0, and P(? =p?.
Next we estimate fP+ ¢, applying (28) for —1 < 0 < z:

30/ / P\P¢dx>/ (P\P‘b)da:—/oi,u(P)—u(Pf)dx

(31) > /0 " u(P) — (L+2)"u(P?) da
1 n+1
= Lupy - S ey 1 L)

Analysis Mathematica



12 S. BACHHUBER, A. BENDA, B. CHRISTOPHEL and T. DARVAS

We then let A > 0 such that 1 [, |¢] = fPf 9] = [po || = Ap(P?). Collect-
ing terms, we arrive at

u(P?),

1 1 1\"
AP = [ oz u(P)— - (=) wP) +

n+1
implying

24
. (”TH)n - HLHM(P)-

The right-hand side is an increasing function of A and by (26) we know
A> n+r1 This means the right hand side is minimized at this value, so

/ 6] = 24u(P?) >
;

2 2 n o \n
62 [0z P = s () ). o

REMARK 3.2. We briefly address the sharpness of the second inequality
n (24). For any P C R™ and € > 0 one can find 9. : P — R" convex such

that u({yp =0})/u(P)>1—¢c and [, pdu > 0. Let ¢. := v — [p1. Then
{¢p =0} = {¢. = infp .} € P° = {¢. < 0}. This implies that

el — — e e = -2 e
[ 1o /P€¢+Pi¢ [
> —2u({¢ = 0})inf e > —2(1 — £)u(P) inf ¢

As a result, the last inequality (24) is sharp. Moreover, this argument shows
that extremizing functions for this equality do not exist.

Finally, we discuss the existence of extremizers for the first inequality of
(24). To fix notation, we introduce the set of extremizing potentials:

W(P) := {1/1: P — R convex, / P =0,
P

and _nil'<nil>ni1}f¢:ﬁ/p|w}

Notice that ¢ € W(P) implies that r¢ € W(P) for r > 0. To deal with
this, we will often normalize elements of W(P) to satisfy infp ¢ = —1. Using
the language of the proof of Theorem 3.1 we notice the following special
properties of elements of W(P):

Analysis Mathematica



EXTREMIZERS OF THE J FUNCTIONAL 13

PROPOSITION 3.3. Let B C R™ convex open and bounded and ¢ € W(P)
and infp ¢ = ¢(y) = —1, for some y € P. Then supp ¢ = % and

1—an na—+n

33 P? .= —
(33)  Pl={o<al=—g—yt+ T

1
P, forany —1<a<—.
n

PROOF. The argument is a careful analysis of the proof of Theorem 3.1
for ¢ € W(P) and infp¢ = —1. We will also use numerous times that
z — p(PY) is continuous due to the Brunn—Minkowski inequality (¢ is con-
vex).

Since ¢ € W(P) we need to have A = n+r17 otherwise we have strict in-

equallity in (32). For similar reasons, we also need that u(P) = u(PY) for
a; 21 —, otherwise we have strict inequality in (30). This implies that supp ¢
<

As we have equality in (29), we obtain that u(Pg) = (1 —i—a:)”,u(P{f)
for € [-1,0]. Similarly, due to equality in (31) we have that u(Pf) =
(1+ a:)”,u(Pg’) for z € [0,1]. Putting these last two facts together, we ob-
tain equality in (28):

n(Ey) = (Zj:) p(P?), for any —1<a§b<%.

Since the measure of the open convex sets on both sides of (27) is the same,

by Lemma 3.4 below we conclude that lgjr—‘fy + %Pﬁ = P? for any —1 < a <

b < % Letting b %, we conclude that P? = lljragy + ”l‘fnnP, as desired.

Lastly, we see that P, is strictly increasing as a %, hence supp ¢ = %

O

LEMMA 3.4. Suppose that A, B C R", both convex, bounded, open and
B C A. If u(A) = n(B), then A= B.

PROOF. Let x € A. Since A is open, there exists yo, y1, ..., Yy, € A such
that = is in the interior of the simplex with vertices yo,y1,...,Yn. Since
p(A) = u(B) < oo, Bisdense in A. Hence, for all j € {0,...,n} there exists
zj € B close enough to y; such that x is in the interior of the simplex with
vertices zg, 21, ..., 2. Since B is convex, it must contain the interior of the
simplex with vertices zg, z1,...,2, € B, hence it also contains z. [

After carrying out some calculations, we verify that the reverse of Propo-
sition 3.3 also holds:

PROPOSITION 3.5. Let ¢ € LY(P) be convex. Suppose there exists y € P
such that P? = {p<a}= lljr“gy + "ITH”P for any —1<a< % Then
Jp & =0 and ¢ € W(P).
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PROOF. Lettinga \,—landa /2 in P = {¢ < a} = 1+n Ly + ﬁfn"P
we conclude that infp ¢ = ¢(y) = —1 and Supp ¢ = n. Moreover, after tak-

ing measures, we also have that u(P¢) = (1 + z)" (P(?) for z € [-1,1].
Next we verify that [ p®=0. For this we carry out the following side
calculations

[ tel= / ) do = /_i<1+x>"u(P§>dw=n$lu<P35>,

/m / P\P¢ dw_/O%N(P)—M(Pf)daz

= /0 u(P) — (1 + :c)”,u(P{f) dx

1 (% + 1)n+l

S GE p(PS) + —— ()

n+1 n+1

1 e g (21T 1 s 1 4
_ﬁ(l—i_ﬁ) M(Po)—niﬂﬂ(P)‘*‘?ﬂ(P) +1M(Po)'

Comparing the above, we conclude that fP ¢ = fP+ o+ fP, ¢ = 0, as desired.
Finally, using the above facts, we see that each inequality in the proof
of Theorem 3.1 is in fact an equality, ultimately yielding;:

_n—2|—1 ' (nil)ni%w:ﬁ/pwdu' -

With the previous two propositions in hand, we obtain the following
characterization of extremizers:

THEOREM 3.6. For any ¢ € W(P) there exists a unique yy € P such that
infp ¢ = ¢(yy). Moreover, the map F: W(P) N {infp ¢ = —1} — P given by
F(¢) =y is a bijective function.

As pointed out to us by the anonymous referee, it is an intriguing ques-
tion to give a characterization of elements in W(P) in terms of their Legendre
transform.

PROOF. Let ¢ € W(P). We can assume without loss of generality that
infp¢p = —1. That y4 € P is unique, follows from (33). This proves that the
map F(¢) = yg is well defined.

To show that F is injective on W(P) N {infp ¢ = —1}, we notice that
the identity P¢ := {p <a}= 11+“$y¢ + "ITH”P, a€ (-1, %) determines ¢
uniquely.
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To argue surjectivity, let y € P. We are going to construct an extremizer
¢y € W(P) satisfying infp ¢, = —1 and F(¢,) = y.
Let x € P. We define ¢,(x) as follows:

1 1-—
¢y(x) = inf {r € [— 1, ﬁ] such that z € T +T:y + TL;::P}

By definition of ¢, we have

1—an +na+n
1+n 7" 150

(34)  PYi={¢,<a}= P, ae[—1,1].
n
We argue that ¢, is convex. Let z,z € P and suppose that ¢,(z) < a
and ¢y(z) <b. We will argue that ¢y(ax + (1 —a)y) < aa+ (1 —a)b,
a € [0,1]. This will follow if we can argue that a{¢, < a}+ (1 —a){¢, <a} C
{¢py < aa+ (1 —a)b}. By (34) this is equivalent with

na +n nb+nPCn(aa—|—(1—a)b)—|—n

P+(1- P.
a1+n *( a)1+n - 1+n

But this inclusion follows from the fact that P is convex.
Lastly, (34) and Proposition 3.5 implies that [ p®y =0, as well as
¢y € W(P). O

3.1. The case of affine extremizers. Given an extremizer ¢ €
W(P), whenever y, € P in Theorem 3.1, the graph of ¢ is a cone, with
vertex at y4. However when y, € OP, the shape of the graph of ¢ may
change drastically. In particular, as pointed out in the proof of [16, Propo-
sition 4.2], in some instances such extremizers ¢ are affine functions. In this
short subsection, we point out that this can happen only in a very particular
instance: when P is the intersection of a convex cone and a half-space.

Let L C R™ open. We say that L is a linear cone if L+ L C L and
ol C L for any o > 0. We say that C' C R™ is a convex cone if C =y + L
for some y € R™ and L linear cone.

We say that H C R” is an open half-space, if there exist x: R” — R lin-
ear so that H = {x < ¢} for some ¢ € R. If 0 € H, we have that ¢ > 0, and
in this case we can always arrange that H = {x < 1+ %} This normaliza-
tion determines y: = ygy uniquely, and we will call xyg the linear defining
function of H.

THEOREM 3.7. Let P C R™ be a bounded open convex set. There exists
¢ € W(P) affine if and only if P =CNH, where C = y+ L is a convex cone
and H is a half-space. In the latter case Y(x) == xg—_y(x —y) — 1 € W(P)
s an affine extremizer.
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PROOF. Suppose that ¢: P — R affine and ¢ € W(P). Let y € P such
that ¢(y) = infp ¢. After replacing P with P —y and ¢(x) with ¢(x +y) we
can assume that y = 0. We can also assume that infp ¢ = —1.

In particular, ¥(z) := ¢(x) + 1,2 € R™ is linear, since 1 is affine and
1(0) = 0. We introduce

H::{xeR:¢(az)<%}:{xER:w(az)<l+%}.

Let L := {rP, r > 0}. It is clear that L is a linear cone, since P is convex.
We claim that P = LN H. Since P = P‘f C H, the easy inclusion is P C

LN H. For the reverse inclusion, let p € LN H. Then there exists qeP
and r > 0 such that p = rq and p € H. The latter implies that

(35) Y(p) = 6(p) + 1 =r(g) = r(dlq) +1) < 1+ %

If r € [0,1], then we are done, since p=rq=0(1—-7r)+rqe P (0 € P
and P is open). If, 7 > 1 then by (35) we have ¢(p/r) <1 —1+ L. This
implies that p/r € P1_;, 1. Since ¢ € W(P), by (33) we get that

pETPl_l_i_L:P

For the reverse direction, assume that if P = C N H, where C' =y + L is
a convex cone and H is half-space. Let xy_, be the linear defining function
of H.

In this case we take ¢(z) := xg—y(z —y) — 1. We notice that ¢(y) = —1,

supp ¢ = % Moreover, since ¢ is affine, we obtain that

1—an na+n 1
P?:={p<a}= T vt 1+nP’ “l<a<—.

Proposition 3.5 now gives and [, ¢ =0 and ¢ € W(P). O

4. Extremizing rays and plurisupported currents

In proving Theorem 1.4 we heavily rely on the formalism developed in
[17] regarding the metric space of geodesic rays. For more background and
details we refer to this work.

By &' ¢ PSH(X,#) we denote the space of finite energy pontentials:
we &l if [0 = [yw" (where 0] is the non-pluripolar complex Monge—
Ampere measure, defined in [23, Sec. 1]), moreover [ |ul6; < co.

By R! we denote the space of L' Mabuchi geodesic rays [0,00) >t —
u; € EY, normalized by ug = 0 and I(u;) =0, t > 0.
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By [3, Proposition 5.1] the map ¢t — dj (u, v¢) is convex for any {u; }¢, {vi }+
€ R!, where we used the conventions of Remark 2.4. In [17] this was used
to define the following metric (see also [8]):

di ({us}e, {vr}e) = hm M

By [17, Theorems 1.3 and 1.4] we know that (R!,dS) is complete, more-
over the space of normalized bounded geodesic rays R* is dense in R! [17,
Theorem 1.5].

The radial J functional from (6) can be expressed in very simple terms,
slightly extending [16, Lemma 5.2]:

LEMMA 4.1. For {w;}; € R' we have that J{u;} = supy g =7, =

2R for any 1> 0, where G := limy_o 4

PROOF. We have that J(uy) = & [ ww" — I(w;) = & [y ww™. By [12
Lemma 3.45] we obtain that

Jur = tim 70 iy SR U
t—r00

t t—00 t

supy ur __ _+
—5— =7, for any

By Lemma 2.3 t — supy u; is linear, hence J{u;} =
[ >0.

Finally, we argue that J{u;} = supy . For this we have to argue that
supy g = = for any [ > 0. We make use of Theorem 2.5. To start, we
notice that We can assume that 0 = 7,7 = supy T, 1> 0, after replacing uy
with uy — 7,7¢.

Slnce uy = sup, <(U, +17), t > 0, we obtain that u; > g for any ¢ > 0.
From 7,7 = 0 we also obtain that u; < 0. Since {4}, is maximal, we obtain
that P [uo] = g, in particular supy tg = 0. Moreover, since g is usc, there
exists € X such that supy @y = ug(x). Since g < uy < 0, we obtain that
ut(z) = 0, for all £ > 0. By t-convexity, we have 1y < 0. But since tg(z) = 0,

we conclude that supy ug =0 = Supx “ for any [ > 0, finishing the proof. [
LEMMA 4.2. For {u}; € R" we have di(0,u1) = [y [to|w™ and 0=
I(ul) = fX ﬂown.
PRrROOF. That d;(0,u1) = [ |io|w™ follows from [4, Lemma 3.4]. What

is more, the argument of [4, Lemma 3.4] is seen to imply I(u;) = [y tow".
U

Given v € PSH(X,0), we say that v is a model potential if v = P[v],
where Plv] was defined in (17). For more on model potentials we refer to
[13].
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LEMMA 4.3. For any {u;}; € R' and b < a < 7 we have that

/ n (7—: - b)n / n
w' < o w™.
{to>b} (Tu — @) J{ap>a}

1/n

Moreover [—oo,7,[) 2 s — (f{u0>s} w™) " is concave.

ProOOF. It follows from Theorem 2.5 that @, € PSH(X,w) is a model
potential. As a result, by [20, Theorem 1] (cf. [13, Theorem 3.8]) we have
that [ x Wi = | {4, =0} w™. Moreover, due to basic properties of Legendre

transforms {49 > 7} = {4, = 0}, in particular,

(36) / = / o,
X {to>7}

Let now b < a < 7,7. We recall that 7 — 4, is concave and PSH(X,w) 3 v
— ( [y wi)™ is concave as well ([15, Theorem B]). As a result, using [30,

Theorem 1.2] we conclude that s — ( Ix wgs)l/ " is concave. Together with

(36) this impies the last statement of the lemma. Using concavity we can
write that

(TJ—a)</ ) w—a)(/ > (a—b) </ . >i
37) ~u 2 )"« T 7Y n )"y .
(37) o) \Ux ™) = e U O (o —b) \Jx o
38 < n !

(39 - </ﬁ<wiiztiiﬁb+—<i}bi>ﬁfr>

1

(39) < ( /. w>

Comparing with (36), the result follows. [

Before we proceed, let us recall the construction for a special type of
geodesic ray from [11], associated to any v € PSH(X,w) and a,b € R with
a <b.

With (22) and Theorem 2.5 in mind, let 7(a, b,v), € PSH(X,w) defined
as follows:

0, T < a;
P3=2v], a<T<b
limT/b P[ﬁv], T = b;
—00, T > b.
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By [13, Theorem 3.12] we have that P[r(a,b,v),| = r(a,b,v),, T € R. Hence,
by Theorem 2.5(iii) we obtain that {7(a,b,v);}, is a bounded maximal test
curve, inducing a geodesic ray {r(a,b,v);}; € R*> that will play a critical
role below, in case v € PSH(X, w) is plurisupported. Indeed, for v plurisup-

ported it is possible to compute the radial Monge—Ampere and J energies
of {r(a,b, v)i}:

PROPOSITION 4.4. For any v € PSH(X,w) plurisupported we have

{r(=1/n,1,v);} =0,

moreover

ni 1 (ni 1)nJ{r(—1/n, 1,0)} = di(0,7(=1/n,1,v)1).

PROOF. We start with computing I{r(—1/n,1,v);}. Notice that 7,f =1
and 7, = —1/n.
We will use numerous times that [y wiy, = [y wy, for all w € PSH(X,w)

([13, Theorem 1.3, Theorem 2.3]). In addition, since v is plurisupported, we
have [, wh Aw"™* =0 forall k € {1,...,n}.

Using the above, formula (23) allows to carry out the following calcula-
tions:

(41)  I{r(=1/n,1,v)} = %/_1 </pr[n$v] —/Xwn> P
V/%</ Wit _/ >d7'—|—1
:—/%<”n_+”17 / / >dT+1

n

:m/_l(l—T)”dT—E:().

Since J{r(—=1/n,1,v);} = T:E_l/n o)~ {r(-1/n,1,v);} (Lemma 4.1),
and Tr( 1/n10) = 1, we obtain that J{r(=1/n,1,v);} = 1.
Lastly, we compute d1(0,7(—1/n,1,v)1) = % Jx [7(=1/n,1,v)g|w™.

di(0,7(=1/n,1,v)1) /\r (—=1/n,1,v)p|w™

2
= V/ 7(—=1/n,1,v)ow"
{(=1/n.1,0)0 >0}
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= / (=1/n,1,v) > s}) ds
:—/ Wy ds——/ wmﬂ ds
n+1
:_/ n—ns /w"ds
n—ns 2n™
-9 -~
/0 <n—|—1> dr (n+ 1)+’

where in the second line we have used Lemma 4.2, in fourth line we have
used (36), and in the fifth line we have used that v is plurisupported. O

With the above in hand, we are ready characterize the case of equality
in Proposition 4.3.

LEMMA 4.5. Let {u}; € R*>®. Then

/ " (TJ—b)”/ n
W= w
{i0>b} (ra — @)™ J{up>a)

for all 7,7 <b<a<T, if and only if there exists v € PSH(X,w) plurisup-
ported such that up = 7’(7’ T.50))e, £ > 0.

[TEERETAE

PRrROOF. We argue the forward direction only, as this is the only impli-
cation that we will use. We leave the simple proof of the reverse direction
to the reader.

Let v = 4, +. We argue that v is plurisupported and u; = (7, , 7,1, v))s,
t>0.

To start we note that all the inequalities (37),(38) and (39) are equalities.
Taking b =7, and a € (7,,,7,]) we arrive at:

(43) :</XWT@U>71

(d )

(44 (/. w)

The equality (44) and the fact 4, is model (Theorem 2.5) implies that
Uy = P[i(i__f_))v] =7(7,, 7. ,0)), for a € (1, ,7.}).

(Tu uu
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From (43) we have that

(qu—_a)n n __ n - 4+
rF — 7o) Xw = XW(TTD r a € [r,, 1, ]

(Ty =7u )

The multilinearity of nonpluripolar products now implies that [ wk A
w" k=0 for all k € {1,...,n}, hence v is plurisupported. [J
Before we characterize extremizing rays, let us recall the proof of Theo-

rem 1.3 from [16], sharing striking similarities with the argument of Theo-
rem 3.1:

THEOREM 4.6 [16]. Suppose that (X,w) is a compact Kdhler manifold
and {u}; € RY. Then the following inequalities hold:

n
n+1

(45) (

nrl )nJ{w} < di1(0,u1) < 2J{u}.

PROOF. Due to Lemma 4.1 and Lemma 4.2, it is enough to argue the
estimates

2 ( n )n . <1/|.| n <9 .
. Ssup u — U | W sup ug.
n+1 n+1 Xpo_V X 0 - XPO

Using re-scaling in time, we can further assume that supy g = 1, hence it
is enough to argue that

2 n n 1
4 . < — o lw™ < 2.
(46) n+1 <n+1) _V/X\U0|w -

We first argue the easier second estimate. Let X_ := {4y < 0} and X, :=
{to > 0}. Since I(u1) = [ tow™ we have

1 o 2 . n .
v |tg|w™ = v wow'' < 2supg.
X X, X

To address the first estimate, we make the following preliminary calculation:

1
(47) / [tg|w™ = 2/ Upw" = 2/ / w" dz
X X+ 0 J{uo>a}
! 2

22/ (1—33)"/ whdr = / w",
0 {i0>0} n+1J>0)

where we used that [ fdu = f0+oo u{f > t} dt for any non-negative py-measur-
able f, and Lemma 4.3 for the parameters 0 < x < supy ug = 1.
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To estimate [y [tg|w™, we can use a similar technique to the above:

(48) / [to|w™ > /n/ w"dx:/n <V—/ w”) dx
X 0 Jx\{uo>—=} 0 {io>—x}
2/n <V—(1—|—:E)"/ w”)daz
0 {10 >0}

1
= K _ 4(5 + 1)n+1 / w4+ : / w",
noooontl Sz nt L o

where in the second line we used Lemma 4.3 again, for the parameters —x
<0 <supyu =1
We now let A > 0 such that

1
3 [ tiolar = [ piolar == [ dowr—a [ o
2 Jx X, {10>0}

This gives

A w"ZlV—l-(H—l) / w" + L / w",
{i0>0} non n {10 >0} n+ 1 Jiu,>0y

implying

24
/ |u0|w”:2A/ W > A vy
X {1220} nA+ (552)" - e

The right-hand side is an increasing function of A and by (47) we know

A> n+r1 This means the right hand side is minimized at A = nL—i-l’ hence
2 1 2 n n

49 dolw" > Ly — - ( ) v,

(49) X‘ olw” 2 ()" (n+1) \n+1

finishing the proof of (46). O

THEOREM 4.7. Suppose that (X,w) is a compact Kdhler manifold and
{us}s € RY is such that 7,7 =1 and

2 n o \"
50 : ( ) J{us) = dy(0,ur).
(50) n+1 n+1 {ut} 1(0,m1)
Then there exists v € PSH(X,w) plurisupported such that
1
ut:r<——,1,v) , t>0.
n ¢
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Conversely, for any w € PSH(X,w) plurisupported, the ray {7’(—%, 1,w)t}t
satisfies (50).

We note that the condition 7,7 = 1 is a simple normalization, and can be
always be achieved after rescaling in time any ray {u;}; € R*. (50). Though
toric symmetries are not involved, the argument shares similarities with the
proof of Proposition 3.3.

PROOF. Let {us}; € R! such that (50) holds.

Examining the proof of Theorem 4.6, since all z-integrands are contin-
uous (Lemma 4.3), we conclude that all the inequalities between (47) and
(49) are in fact equalities for our {u;}; € R!. In particular the first line of
(48) implies that g > —% a.e. on X. This gives uy > —% a.e. on X, by
t-convexity. Since uy € PSH(X,w) we obtain that u; > —% globally, hence
{ut}t € R*>.

Equality in the second line of (48) and (47) gives |, (ipsay W =

(I —a)” f{u0>0}w” for any z €[-1,1). Picking z=a, and z =10 for

1 - + _ ;
— =T, <b<a<T; =1 we arrive at

/ n (10" / n
W =/ w .
{i0>b} (1—=a)" Jiue>a}

Lemma 4.5 now implies that there exists v € PSH(X, w) plurisupported such
that u = r(7,, 7.0, v)), t > 0.

For the reverse direction, let u; := r(—1/n,1,w), t > 0 for w e PSH(X,w)
plurisupported. Then Proposition 4.4 implies that (50) holds. O
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