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Abstract. In previous work, Darvas, George and Smith obtained inequali-
ties between the large scale asymptotic of the J functional with respect to the d1
metric on the space of toric Kähler metrics/rays. In this work we prove sharp-
ness of these inequalities on all toric Kähler manifolds, and study the extremizing
potentials/rays. On general Kähler manifolds we show that existence of radial
extremizers is equivalent with the existence of plurisupported currents, as intro-
duced and studied by McCleerey.

1. Introduction and main results

Let (X,ω) be a Kähler manifold of dimension n. We consider the space
of Kähler metrics that are cohomologous to ω:

H :=
{

ω̃ Kähler on X and [ω̃]dR = [ω]dR
}

By the ∂∂̄-lemma, for all ω̃ ∈ H there exists u ∈ C∞(X), unique up to
a constant, such that ω̃ = ωu := ω + i∂∂̄u. Consequently, instead of looking
at H directly, one can work with the space of Kähler potentials instead:

Hω :=
{

u ∈ C∞(X) such that ω + i∂∂̄u > 0
}

.
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By PSH(X,ω) we denote the space of quasi-plurisubharmonic functions u
satisfying ωu := ω + i∂∂̄u ≥ 0, in the sense of currents. Clearly, Hω ⊂
PSH(X,ω), hence all Kähler potentials are ω-plurisubharmonic (ω-psh). For
a comprehensive treatment of ω-psh functions we refer to the recent book
[24, Ch. 8], for a quick introduction see [12, Appendix A.1], [5, Sec. 2].

Let I : Hω → R be the Monge–Ampère energy, one of the most basic
functionals of Kähler geometry:

(1) I(u) :=
1

(n+ 1)V

n
∑

j=0

∫

X
uωj ∧ ωn−ju ,

where V =
∫

X ω
n is the volume of (X,ω). For a detailed analysis of the

I functional we refer to [5, p. 111] and [12, Sec. 3.7]. Closely related, the
J functional J : Hω → R is defined as follows:

J(u) =
1

V

∫

X
uωn − I(u).

Using Stokes’ theorem one can prove that J(u) ≥ 0, and in many ways J acts
as a norm-like expression on Hω. This aspect will be revisited in this work.

By definition, the space of Kähler potentials Hω is a convex open subset
of C∞(X), hence it is a trivial “Fréchet manifold”. Motivated by questions
in stability, one can introduce on Hω an L1 type Finsler metric [10]. If
u ∈ Hω and ξ ∈ TuHω ≃ C∞(X), then the L1-length of ξ is given by the
following expression:

(2) ‖ξ‖u =
1

V

∫

X
|ξ|ωnu .

The analogous L2 type metric was introduced by Mabuchi [25] (indepen-
dently discovered by Semmes [28] and Donaldson [21]). This Riemannian
metric was studied in detail by Chen [7], and for more historical details we
refer to [12, Ch. 3].

To the Finsler metric in (2) one associates a path length pseudo-metric
d1(·, ·) on Hω . As proved in [10], d1 is actually a metric and (Hω, d1) is
a geodesic metric space, whose abstract completion can be identified with
(E1, d1), where E

1 ⊂ PSH(X,ω) is a space of potentials introduced by Guedj–
Zeriahi [23], inspired by work of Cegrell [9] in the local case.

Extremizing potentials in toric case and convex analysis. By [10, Remark
6.3] it was known that d1 and J are asymptotically equivalent on Hω. In [16]
the authors set out to sharpen the constants in the asymptotic comparison
of J and d1, and proved the following global inequalities on toric Kähler
manifolds:
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Theorem 1.1 [16]. Let (X,ω) be a toric Kähler manifold. Then there
exists a constant D > 0 such that

(3)
2

n+1
·
( n

n+1

)n
J(u)−D ≤ d1(0, u) ≤ 2J(u) +D, u ∈ HT

ω ∩ I−1(0).

In case X = CP n and ω is the Fubini–Study metric the constants multiplying
J(u) are sharp.

The motivation for obtaining sharpness in (3) stems from criteria of exis-
tence for canonical Kähler metrics. It is expected that uniform K-stability of
(X,ω) is related to energy properness with respect to the d1 metric [2]. On
the other hand, in concrete situations one can often show energy properness
with respect to the J functional, also implying existence of canonical met-
rics (e.g. [29]). Naturally, there is an interest in converting such properness
criteria into K-stability criteria, and vice versa, as optimally as possible.

In [16, p. 3] the authors proposed to study the sharpness of the above
inequality in case of arbitrary toric Kähler manifolds, not just projective
space. This is what we address in this work, and we show that (3) is sharp
for any toric Kähler manifold.

As pointed out in [16, Sec. 2], using Legendre transforms, the pair of
inequalities in (3) is equivalent to a pair of integral inequalities involving
convex functions of a convex domain, as expressed in (4) below. We show
that this pair of inequalities is sharp on any convex domain, proving the
sharpness of (3) on any toric Kähler manifold:

Theorem 1.2. Let P ⊂ Rn be a bounded open convex set.

(i) [16] for any convex φ ∈ L1(P ), satisfying
∫

P φ = 0, the following in-
equality holds:

(4) −
2

n+ 1
·
( n

n+ 1

)n
inf
P
φ ≤

1

µ(P )

∫

P
|φ| dµ ≤ −2 inf

P
φ,

(ii) there exists a convex function φ ∈ L1(P ) such that
∫

P φ = 0 and

(5) −
2

n+ 1
·
( n

n+ 1

)n
inf
P
φ =

1

µ(P )

∫

P
|φ| dµ.

Potentials φ satisfying (5) will be referred to as extremizers in this work.
When P is the unit simplex (corresponding to projective space), the exis-
tence of extremizers was proved in [16, Proposition 4.2].

Regarding the first inequality in (4), we don’t just prove the existence of
extremizers, but we end up characterizing them explicitly, with this answer-
ing another question posed in [16, p. 3] (See Theorem 3.6). What is more,
in Section 3.1 we characterize domains P admitting affine extremizers. Such
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domains P are always very special: they are the intersection of a cone with
a half-space.

Regarding the second inequality in (4), it is easy to see that it is always
sharp, but without any extremizing functions (See Remark 3.2).

Extremizing rays and plurisupported currents. In [16] it was conjectured
that Theorem 1.1 holds in case of general Kähler manifolds as well. To pro-
vide evidence for this, the authors obtained the radial version of the expected
result, as we now recall, along with related terminology from [17].

Let {ut} ∈ R1 be a d1-geodesic ray [0,∞) ∋ t→ ut ∈ E1 of (E1, d1), em-
anating from u0 = 0 ∈ Hω, and normalized by I(ut) = 0, t ≥ 0. Since the
J functional is convex along geodesics, one can define its slope along geodesic
rays (informally called the radial J functional):

(6) {ut} := lim
t→∞

J(ut)

t
.

The L1 speed of a ray {ut}t is simply the quantity d1(0, u1). We have the
following inequality between the L1 speed and the radial J functional:

Theorem 1.3 [16]. Suppose that (X,ω) is a compact Kähler manifold
and {ut}t ∈ R1. Then the following inequality holds:

(7)
2

n+ 1
·
( n

n+ 1

)n
J{ut} ≤ d1(0, u1) ≤ 2J{ut}.

The inequality is sharp in case of (CPn, ωFS).

Since rays are constant speed, notice that the middle term in the above

inequality could have been replaced by the limit limt→∞
d1(0,ut)

t . In particu-
lar, (7) would instantly follow from the conjectured inequality (3) for general
Kähler manifolds.

The sharpness of the second inequality in (7) is not difficult to argue on
any Kähler manifold, using examples similar to Remark 3.2. As in Theo-
rem 1.2(ii), we are interested in the sharpness of the first inequality of (7)
on arbitrary Kähler manifolds, and finding all extremizing rays.

It turns out that this question is tied to the existence of plurisupported
potentials in PSH(X,ω), as introduced and studied in [26]. Recall that
v ∈ PSH(X,ω) is plurisupported if

∫

X ωv ∧ ω
n−1 = 0, i.e., the current ωv is

supported on a pluripolar set.

Theorem 1.4. Suppose that (X,ω) is a compact Kähler manifold. Then

there exists {ut}t ∈ R1 such that J{ut}/d1(0, u1) =
(n+1)n+1

2nn if and only if
there exists v ∈ PSH(X,ω) plurisupported.

Analysis Mathematica
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The construction of the extremizings rays {ut}t ∈ R1 in terms of plurisup-
ported currents v ∈ PSH(X,ω) is quite explicit, and is elaborated in Theo-
rem 4.7. What is more, it follows from Theorem 4.7 that all such extremizing
rays come from this same construction.

Existence of plurisupported potentials is a deep question related to a
number of important conjectures in the field. For details, we refer to
[26]. However if (X,ω) is a projective Kähler manifold, then there exists
v ∈ PSH(X,ω) such that ωv = [D], for some divisor D ⊂ X . It is clear that
such v is plurisupported. Hence we get the following corollary:

Corollary 1.5. Suppose that (X,ω) is a projective Kähler manifold.

Then there exists {ut}t ∈ R1 such that J{ut}/d1(0, u1) =
(n+1)n+1

2nn . In par-
ticular, the first inequality of (7) is sharp.

2. Preliminaries

2.1. Analysis on toric Kähler manifolds. In this short section we
point out how the inequalities (3) and (4) are equivalent. The material here
closely follows [16, Sec. 3], itself inspired from [19, Sec. 6] and [31]. We say
that (X,ω) is a toric Kähler manifold of dimension n if we can embed (C∗)n

into X so that the complement of (C∗)n inside X is a Zariski closed set.
Moreover, we ask that the trivial action of Tn := (S1)n on (C∗)n extends
to X , and the Kähler form ω is Tn-invariant.

Using the fact that ω is Tn-invariant we get that

(8) ω = i∂∂̄(ψ0 ◦ L) on (C∗)n,

where ψ0∈C
∞(Rn) and L(z1, z2, . . . , zn)=(log |z1|, log |z2|, . . . , log |zn|)∈R

n.
Since ψ0 ◦L is psh on (C∗)n, the potential ψ0 has to be strictly convex on Rn,
and we may choose ψ0(0) = 0.

By HT we will denote the metrics ω′ ∈ H that are torus invariant, i.e.,
(S1)n acts by isometries on ω′. HT

ω will denote the corresponding space of
toric potentials.

For u ∈ HT
ω we can introduce the following potential

ψu := ψ0 + u ◦ E,

where E(x) = E(x1, x2, . . . , xn) := (ex1, ex2 , . . . , exn), x ∈ Rn. The point is
that ωu = i∂∂̄ψu ◦ L on (C∗)n.

The Legendre transform. Given ωu ∈ HT
ω , it follows from a result of

Atiyah–Guillemin (see [6, Ch. 27]) that the “moment map” ∇ψu : R
n → Rn

is one-to-one and sends Rn to P := Im ∇ψu, which is a convex bounded
polytope, independent of u.
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Though we will not use it, by a theorem of Delzant, P satisfies a number
of additional properties (simple, i.e., there are n edges meeting at each ver-
tex; rational, i.e., the edges meeting at the vertex p are rational in the sense
that each edge is of the form p+ tui, 0 ≤ t <∞, where ui ∈ Zn; smooth, i.e.,
these u1, . . . , un can be chosen to be a basis of Zn). What is more, such
Delzant polytopes P determine toric Kähler structures (X,ω) uniquely (see
[1] and [6, Ch. 28]).

Since ψu : R
n → R is convex, we can take its Legendre transform and

obtain a dual convex function φu, with possible values equal to +∞:

φu(s) = ψ∗
u(s) := sup

x∈Rn

(

〈s, x〉 − ψu(x)
)

, s ∈ R
n.

Since Im ∇ψu = P , it follows that φu(s) is finite if and only if s ∈ P .
Also, by the involutive property, for all x ∈ Rn we will have

φ∗u = ψ∗∗
u = ψu,

φu(∇ψu(x)) = 〈x,∇ψu(x)〉 − ψu(x) and ∇ψu(x) = s⇔ ∇φu(s) = x.

Summarizing, the Legendre transform u→ ψ∗
u = φu gives a one-to-one

correspondence between elements of HT
ω and the class C(P ):

C(P ) :=
{

f : P → R is convex and f − φ0 ∈ C∞(P )
}

,

where φ0 = ψ∗
0 . In addition, as pointed out in [22, Proposition 4.5], there is

a one-to-one correspondence between (S1)n-invariant elements of PSH(X,ω)
∩L∞ and convex functions f : P → R for which f −φ0 is only bounded on P .
In particular, φ0 ∈ L∞(P ).

The L1 geometry of toric metrics. We briefly describe the L1 geometry
of Hω restricted to HT

u . Let [0, 1] ∋ t→ ut ∈ HT
ω be a smooth curve con-

necting u0, u1 ∈ HT
ω . Taking the Legendre transform of the potentials ψut

we obtain

(9) φut(s) := sup
x∈Rn

{

〈x, s〉 − ψut(x)
}

= 〈xt, s〉 − ψut(xt), s ∈ R
n,

where xt = xt(s) is such that ∇ψut(xt) = s.
After elementary but tedious calculations (see [16, Sec. 3]) we conclude

that

(10)

∫

X
|u̇t|ω

n
ut = πnn!

∫

Rn

|ψ̇ut |MAR(ψut) = πnn!

∫

P
|φ̇ut(s)| dµ(s),

Analysis Mathematica



EXTREMIZERS OF THE J FUNCTIONAL 7

Hence the Legendre transform sends the L1 geometry of HT
ω to the flat L1

geometry of convex functions on P . In the particular case when ut := t, we
obtain the following useful formula about the Kähler volume:

(11)

∫

X
ωn = V = πnn!

∫

P
dµ.

Regarding the underlying path length metrics, (10) has the following
important consequence:

Theorem 2.1. Suppose u0, u1 ∈ HT
ω . Then

(12) d1(u0, u1) =
1

µ(P )

∫

P
|φu0

(s)− φu1
(s)| dµ(s),

where µ(P ) is the Lebesgue measure of P .

As a consequence of the above theorem, one concludes that the d1-com-
pletion of HT

ω can be identified with the space of convex functions on P , that
are also integrable on P .

The I and J functionals of toric metrics. In this paragraph we analyze
the I and J functionals in terms of the Legendre transform.

The I energy is essentially the Lebesgue integral, after applying the Leg-
endre transform. Indeed, let [0, 1] ∋ t→ vt ∈ HT

ω be any smooth curve con-
necting v0 = 0 and v1 = u. After elementary, but tedious calculations (see
[16, Sec. 3]), one obtains the following formula:

I(u) = I(u)− I(0) =
−1

µ(P )

∫ 1

0

∫

P
φ̇vt(s) dµ(s) dt(13)

=
−1

µ(P )

∫

P
(φu(s)− φ0(s)) dµ(s).

Since φ0 ∈ L∞(P ) [22, Proposition 4.5], we conclude that there exists
C = C(X,ω) > 0 such that

(14)
−1

µ(P )

∫

P
φu dµ− C ≤ I(u) ≤

−1

µ(P )

∫

P
φu dµ+ C, u ∈ HT

ω .

Regarding the J energy, we can express its magnitude using the Legen-
dre transform. This will be sufficient for our analysis (see [16, Proposition
3.2]):

Proposition 2.2. There exists C := C(X,ω) > 0 such that for all u ∈
HT
ω with I(u) = 0 we have

− inf
P
φu − C ≤ J(u) =

1

V

∫

X
uωn ≤ − inf

P
φu + C.
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Putting together Theorem 2.1, (14), and Proposition 2.2, we obtain the
equivalence of the inequalities (3) and (4), as desired at the beginning of this
subsection.

2.2. The Ross–Witt Nyström correspondence. In this subsec-
tion we recall the correspondence between geodesic rays and test curves, as
established in [18, Sec. 3.1] and [14, Sec. 4], building on [27].

A sublinear subgeodesic ray is a subgeodesic ray (0,+∞) ∋ t 7→ ut ∈
PSH(X,ω) (notation {ut}t>0) such that ut →L1 u0 := 0 as t→ 0, and there
exists C ∈ R such that ut(x) ≤ Ct for all t ≥ 0, x ∈ X .

A psh geodesic ray is a sublinear subgeodesic ray that additionally sat-
isfies the following maximality property: for any 0 < a < b, the subgeodesic

(0, 1) ∋ t 7→ va,bt := ua(1−t)+bt ∈ PSH(X,ω) can be recovered in the following
manner:

(15) va,bt := sup
h∈S

ht , t ∈ [0, 1] ,

where S is the set of subgeodesics (0, 1) ∋ t→ ht ∈ PSH(X,ω) such that

lim
tց0

ht ≤ ua , lim
tր1

ht ≤ ub .

We note the following properties of the map v 7→ supX v along rays, es-
tablished in [18, Lemma 3.1]:

Lemma 2.3. For any psh geodesic ray {ut}t, the map t 7→ supX ut is
linear. For sublinear subgeodesics, the map t 7→ supX ut is convex.

The statement for subgeodesics follows from t-convexity. To argue the
statement for psh geodesic rays, one can use [11, Theorem 1] together with
approximation by bounded geodesics, and the continuity of u 7→ supX u in
the weak L1-topology of PSH(X,ω).

A map R ∋ τ 7→ ψτ ∈ PSH(X,ω) is a psh test curve, denoted {ψτ}τ∈R, if

(i) τ 7→ ψτ (x) is concave, decreasing and usc for any x ∈ X .

(ii) ψτ ≡ −∞ for all τ big enough, and ψτ increases a.e. to 0 as τ → −∞.

Condition (ii) allows for the introduction of the following constant:

(16) τ+ψ := inf
{

τ ∈ R : ψτ ≡ −∞
}

.

Remark 2.4. We adopt the following notational convention: psh test
curves will always be parametrized by τ , whereas rays will be parametrized
by t. Hence {ψt}t will always refer to some type of ray, whereas {φτ}τ will
refer to some kind of test curve. As recalled below, rays and test curves are
dual to each other, so one should think of the parameters t and τ as duals
to each other as well.
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EXTREMIZERS OF THE J FUNCTIONAL 9

Given v ∈ PSH(X,ω) we consider the following notion of envelope:

(17) P [v] = usc
(

sup
{

w ∈ PSH(X,ω), w ≤ 0, w ≤ v+C for some C > 0
})

A psh test curve {ψτ}τ can have the following properties:

(i) {ψτ}τ is maximal if P [ψτ ] = ψτ , τ ∈ R.

(ii) {ψτ}τ has finite energy if

(18)

∫ τ+
ψ

−∞

(
∫

X
ωnψτ −

∫

X
ωn

)

dτ > −∞ .

(iii) We say {ψτ}τ is bounded if ψτ = 0 for τ small enough. In this case,
we introduce the following constant, complementing (16):

(19) τ−ψ := sup
{

τ ∈ R : ψτ ≡ 0}
¯
.

Above we followed the convention P [−∞] = −∞, and we note that
bounded test curves are clearly of finite energy.

We recall the Legendre transform, helping establish the duality between
various types of maximal test curves and geodesic rays. Given a convex
function f : [0,+∞) → R, its Legendre transform is defined as

(20) f̂(τ) := inf
t≥0

(f(t)− tτ) = inf
t>0

(f(t)− tτ) , τ ∈ R .

The (inverse) Legendre transform of a decreasing concave function g : R →
R ∪ {−∞} is

(21) ǧ(t) := sup
τ∈R

(g(τ) + tτ) , t ≥ 0 .

There is a sign difference in our choice of Legendre transform compared to
the convex analysis literature, however this choice is more suitable for us.

Given a sublinear subgeodesic ray {φt}t (psh test curve {ψτ}τ ), we can
associate its (inverse) Legendre transform at x ∈ X as

(22)

φ̂τ (x) := inf
t>0

(φt(x)− tτ) , τ ∈ R ,

ψ̌t(x) := sup
τ∈R

(ψτ (x) + tτ) , t > 0 .

The Ross–Witt Nyström correspondence describes the duality between
various types of rays and maximal test curves, proved in [18, Theorem 3.7]:

Theorem 2.5. The Legendre transform {ψτ}τ 7→ {ψ̌t}t gives a bijective

map with inverse {φt}t 7→ {φ̂τ}τ between:

Analysis Mathematica



10 S. BACHHUBER, A. BENDA, B. CHRISTOPHEL and T. DARVAS

(i) psh test curves and sublinear subgeodesic rays,

(ii) maximal psh test curves and psh geodesic rays,

(iii) [27] maximal bounded test curves and bounded geodesic rays. In this
case, we additionally have

τ−ψ t ≤ ψ̌t ≤ τ+ψ t , t ≥ 0 .

(iv) maximal finite energy test curves and finite energy geodesic rays. In
this case, we additionally have

(23) I{ψt} :=
I(ψ̌t)

t
=

1

V

∫ τ+
ψ

−∞

(
∫

X
ωnψτ −

∫

X
ωn

)

dτ + τ+ψ , t > 0.

Here I is the Monge–Ampère functional defined in (1).

3. Extremizing functions on convex bodies

Let P ⊂ Rn be a bounded open convex set. Due to convexity of P we
have intP = P .

For any f : P → R convex, it is well known that the lsc extension of f : P
→ (−∞,∞] is also convex, possibly taking up the value ∞. Since there will
be no chance for confusion, we will not distinguish f from its lsc extension.
Since P is compact, the infimum of f will be always realized on this bigger
set, and this will play a key role in our discussion below.

Before we discuss sharpness and extremizing potentials for Theorem1.2(i),
let us recall the proof of this result from [16]:

Theorem 3.1 [16]. Let P ⊂ Rn be a bounded open convex set. Then for
φ ∈ L1(P ) convex and satisfying

∫

P φdµ = 0, the following inequalities hold :

(24) −
2

n+ 1
·
( n

n+ 1

)n
inf
P
φ ≤

1

µ(P )

∫

P
|φ| dµ ≤ −2 inf

P
φ,

where the integration is in terms of the Lebesgue measure.

Proof. First we argue the second inequality. Let

(25) P φ− := {x ∈ P : φ < 0} and P φ+ := {x ∈ P : φ ≥ 0}

Since
∫

P φ =
∫

Pφ−
φ+

∫

Pφ+
φ = 0, we have

∫

P
|φ| = −

∫

Pφ−

φ+

∫

Pφ+

φ = −2

∫

Pφ−

φ.
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Furthermore,
∫

Pφ−
φ ≥ µ

(

P φ−
)

infPφ− φ ≥ µ(P ) infP φ, and the second estimate

follows.
We argue the first estimate. For all a ∈ R, let

P φa :=
{

x ∈ P : φ(x) < a
}

.

After re-scaling φ, we can assume without loss of generality that infP φ =
−1. We first claim that

(26)

∫

P
|φ| ≥ −

2

n+ 1
µ
(

P φ−
)

.

Let y ∈ P such that φ(y) = infP φ = −1.
By convexity of φ : P → (−∞,∞], if −1 < a < b, we have

(27)
b− a

b+ 1
y +

a+ 1

b+ 1
P φb ⊂ P φa , for any − 1 < a < b.

Taking measures of both sides we arrive at

(28) µ
(

P φb
)

≤
( b+ 1

a+ 1

)n

µ
(

P φa
)

, for any − 1 < a < b.

Since
∫

P φ =
∫

Pφ+
φ+

∫

Pφ−
φ = 0, we have

∫

P |φ| = 2
∫

Pφ−
|φ|, allowing to

bound
∫

P |φ| and proving the claim:

∫

P
|φ| = 2

∫

P−

|φ| = 2

∫ 0

−1
µ(P φx ) dx(29)

≥ 2

∫ 0

−1
(1 + x)nµ(P φ−) dx =

2

n+ 1
µ(P φ−),

where we used that
∫

f dµ =
∫ +∞
0 µ{f ≥ t} dt =

∫ +∞
0 µ{f > t} dt for any

non-negative µ-measurable f , estimate (28) for −1 < x < 0, and P φ0 = P φ−.
Next we estimate

∫

P+
φ, applying (28) for −1 < 0 < x:

∫

Pφ+

φ =

∫ ∞

0
µ(P \ P φx ) dx ≥

∫ 1

n

0
µ
(

P \ P φx
)

dx =

∫ 1

n

0
µ(P )− µ(P φx ) dx(30)

≥

∫ 1

n

0
µ(P )− (1 + x)nµ(P φ−) dx(31)

=
1

n
µ(P )−

( 1n + 1)n+1

n+ 1
µ(P φ−) +

1

n+ 1
µ(P φ−).
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We then let A > 0 such that 1
2

∫

P |φ| =
∫

Pφ+
|φ| =

∫

Pφ−
|φ| = Aµ(P φ−). Collect-

ing terms, we arrive at

Aµ(P φ−) =

∫

Pφ+

φ ≥
1

n
µ(P )−

1

n
·
(n+ 1

n

)n

µ(P φ−) +
1

n+ 1
µ(P φ−),

implying
∫

P
|φ| = 2Aµ(P φ−) ≥

2A

nA+
(

n+1
n

)n
− n

n+1

µ(P ).

The right-hand side is an increasing function of A and by (26) we know
A ≥ 1

n+1 . This means the right hand side is minimized at this value, so

(32)

∫

P
|φ| ≥

2
n+1

(

n+1
n

)n µ(P ) =
2

(n+ 1)
·
( n

n+ 1

)n
µ(P ). �

Remark 3.2. We briefly address the sharpness of the second inequality
in (24). For any P ⊂ Rn and ε > 0 one can find ψε : P → R+ convex such
that µ({ψ = 0})/µ(P ) ≥ 1− ε and

∫

X ψ dµ > 0. Let φε := ψ −
∫

P ψ. Then
{ψ = 0} = {φε = infP φε} ⊆ P ε− = {φε < 0}. This implies that

∫

P
|φε| = −

∫

P ε−

φε +

∫

P ε+

φε = −2

∫

P ε−

φε

≥ −2µ({ψ = 0}) inf
P
φε ≥ −2(1− ε)µ(P ) inf

P
φε.

As a result, the last inequality (24) is sharp. Moreover, this argument shows
that extremizing functions for this equality do not exist.

Finally, we discuss the existence of extremizers for the first inequality of
(24). To fix notation, we introduce the set of extremizing potentials:

W(P ) :=

{

ψ : P → R convex,

∫

P
ψ = 0,

and −
2

n+ 1
·
( n

n+ 1

)n
inf
P
ψ =

1

µ(P )

∫

P
|ψ|.

}

Notice that φ ∈ W(P ) implies that rφ ∈ W(P ) for r > 0. To deal with
this, we will often normalize elements of W(P ) to satisfy infP φ = −1. Using
the language of the proof of Theorem 3.1 we notice the following special
properties of elements of W(P ):
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Proposition 3.3. Let B ⊂ Rn convex open and bounded and φ ∈ W(P )
and infP φ = φ(y) = −1, for some y ∈ P . Then supP φ = 1

n and

(33) P φa := {φ < a} =
1− an

1 + n
y +

na+ n

1 + n
P, for any − 1 < a <

1

n
.

Proof. The argument is a careful analysis of the proof of Theorem 3.1
for φ ∈ W(P ) and infP φ = −1. We will also use numerous times that

x→ µ(P φx ) is continuous due to the Brunn–Minkowski inequality (φ is con-
vex).

Since φ ∈ W(P ) we need to have A = 1
n+1 , otherwise we have strict in-

equality in (32). For similar reasons, we also need that µ(P ) = µ(P φx ) for
x ≥ 1

n , otherwise we have strict inequality in (30). This implies that supP φ

≤ 1
n .

As we have equality in (29), we obtain that µ(P φx ) = (1 + x)nµ(P φ0 )

for x ∈ [−1, 0]. Similarly, due to equality in (31) we have that µ(P φx ) =

(1 + x)nµ(P φ0 ) for x ∈ [0, 1n ]. Putting these last two facts together, we ob-
tain equality in (28):

µ
(

P φb
)

=
( b+ 1

a+ 1

)n

µ
(

P φa
)

, for any − 1 < a ≤ b <
1

n
.

Since the measure of the open convex sets on both sides of (27) is the same,

by Lemma 3.4 below we conclude that b−ab+1y+
a+1
b+1P

φ
b = P φa for any −1 < a <

b < 1
n . Letting bր

1
n , we conclude that P φa = 1−an

1+n y +
na+n
1+n P , as desired.

Lastly, we see that Pa is strictly increasing as aր 1
n , hence supP φ = 1

n .
�

Lemma 3.4. Suppose that A,B ⊂ R
n, both convex, bounded, open and

B ⊂ A. If µ(A) = µ(B), then A = B.

Proof. Let x ∈ A. Since A is open, there exists y0, y1, . . . , yn ∈ A such
that x is in the interior of the simplex with vertices y0, y1, . . . , yn. Since
µ(A) = µ(B) <∞, B is dense in A. Hence, for all j ∈ {0, . . . , n} there exists
zj ∈ B close enough to yj such that x is in the interior of the simplex with
vertices z0, z1, . . . , zn. Since B is convex, it must contain the interior of the
simplex with vertices z0, z1, . . . , zn ∈ B, hence it also contains x. �

After carrying out some calculations, we verify that the reverse of Propo-
sition 3.3 also holds:

Proposition 3.5. Let φ ∈ L1(P ) be convex. Suppose there exists y ∈ P

such that P φa := {φ < a} = 1−an
1+n y +

na+n
1+n P for any −1 < a < 1

n . Then
∫

P φ = 0 and φ ∈ W(P ).

Analysis Mathematica



14 S. BACHHUBER, A. BENDA, B. CHRISTOPHEL and T. DARVAS

Proof. Letting aց −1 and aր 1
n in P φa := {φ < a} = 1−an

1+n y+
na+n
1+n P

we conclude that infP φ = φ(y) = −1 and supP φ = 1
n . Moreover, after tak-

ing measures, we also have that µ(P φx ) = (1 + x)nµ(P φ0 ) for x ∈ [−1, 1n ].
Next we verify that

∫

P φ = 0. For this we carry out the following side
calculations

∫

Pφ−

|φ| =

∫ 0

−1
µ(P φx ) dx =

∫ 0

−1
(1 + x)nµ

(

P φ0
)

dx =
1

n+ 1
µ(P φ0 ),

∫

Pφ+

φ =

∫ 1

n

0
µ
(

P \ P φx

)

dx =

∫ 1

n

0
µ(P )− µ(P φx ) dx

=

∫ 1

n

0
µ(P )− (1 + x)nµ

(

P φ0
)

dx

=
1

n
µ(P )−

( 1n + 1)n+1

n+ 1
µ(P φ0 ) +

1

n+ 1
µ(P φ0 )

=
1

n

(

1 +
1

n

)n
µ(P φ0 )−

( 1n + 1)n+1

n+ 1
µ(P φ0 ) +

1

n+ 1
µ(P φ0 ) =

1

n+ 1
µ(P φ0 ).

Comparing the above, we conclude that
∫

P φ =
∫

P+
φ+

∫

P−
φ = 0, as desired.

Finally, using the above facts, we see that each inequality in the proof
of Theorem 3.1 is in fact an equality, ultimately yielding:

−
2

n+ 1
·
( n

n+ 1

)n
inf
P
φ =

1

µ(P )

∫

P
|φ| dµ. �

With the previous two propositions in hand, we obtain the following
characterization of extremizers:

Theorem 3.6. For any φ ∈ W(P ) there exists a unique yφ ∈ P such that

infP φ = φ(yφ). Moreover, the map F : W(P )∩ {infP φ = −1} → P given by
F (φ) = yφ is a bijective function.

As pointed out to us by the anonymous referee, it is an intriguing ques-
tion to give a characterization of elements inW(P ) in terms of their Legendre
transform.

Proof. Let φ ∈ W(P ). We can assume without loss of generality that
infP φ = −1. That yφ ∈ P is unique, follows from (33). This proves that the
map F (φ) = yφ is well defined.

To show that F is injective on W(P ) ∩ {infP φ = −1}, we notice that

the identity P φa := {φ < a} = 1−an
1+n yφ +

na+n
1+n P, a ∈ (−1, 1n) determines φ

uniquely.

Analysis Mathematica



EXTREMIZERS OF THE J FUNCTIONAL 15

To argue surjectivity, let y ∈ P . We are going to construct an extremizer
φy ∈ W(P ) satisfying infP φy = −1 and F (φy) = y.

Let x ∈ P . We define φy(x) as follows:

φy(x) = inf
{

r ∈
[

− 1,
1

n

]

such that x ∈
1− rn

1 + n
y +

nr + n

1 + n
P
}

.

By definition of φy we have

(34) P φa := {φy < a} =
1− an

1 + n
y +

na+ n

1 + n
P, a ∈

[

− 1,
1

n

]

.

We argue that φy is convex. Let x, z ∈ P and suppose that φy(x) < a
and φy(z) < b. We will argue that φy(αx+ (1− α)y) ≤ αa+ (1− α)b,
α ∈ [0, 1]. This will follow if we can argue that α{φy < a}+(1−α){φy<a} ⊆
{φy < αa + (1− α)b}. By (34) this is equivalent with

α
na+ n

1 + n
P + (1− α)

nb+ n

1 + n
P ⊆

n(αa+ (1− α)b) + n

1 + n
P.

But this inclusion follows from the fact that P is convex.
Lastly, (34) and Proposition 3.5 implies that

∫

P φy = 0, as well as
φy ∈ W(P ). �

3.1. The case of affine extremizers. Given an extremizer φ ∈
W(P ), whenever yφ ∈ P in Theorem 3.1, the graph of φ is a cone, with
vertex at yφ. However when yφ ∈ ∂P , the shape of the graph of φ may
change drastically. In particular, as pointed out in the proof of [16, Propo-
sition 4.2], in some instances such extremizers φ are affine functions. In this
short subsection, we point out that this can happen only in a very particular
instance: when P is the intersection of a convex cone and a half-space.

Let L ⊂ R
n open. We say that L is a linear cone if L+ L ⊂ L and

αL ⊂ L for any α > 0. We say that C ⊂ Rn is a convex cone if C = y + L
for some y ∈ Rn and L linear cone.

We say that H ⊂ Rn is an open half-space, if there exist χ : Rn → R lin-
ear so that H = {χ < c} for some c ∈ R. If 0 ∈ H , we have that c > 0, and
in this case we can always arrange that H = {χ < 1 + 1

n}. This normaliza-
tion determines χ : = χH uniquely, and we will call χH the linear defining
function of H .

Theorem 3.7. Let P ⊂ Rn be a bounded open convex set. There exists
φ ∈ W(P ) affine if and only if P = C ∩H , where C = y+L is a convex cone
and H is a half-space. In the latter case ψ(x) := χH−y(x− y)− 1 ∈ W(P )
is an affine extremizer.
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Proof. Suppose that φ : P → R affine and φ ∈ W(P ). Let y ∈ P such
that φ(y) = infP φ. After replacing P with P − y and φ(x) with φ(x+ y) we
can assume that y = 0. We can also assume that infP φ = −1.

In particular, ψ(x) := φ(x) + 1, x ∈ Rn is linear, since ψ is affine and
ψ(0) = 0. We introduce

H :=
{

x ∈ R : φ(x) <
1

n

}

=
{

x ∈ R : ψ(x) < 1 +
1

n

}

.

Let L := {rP, r > 0}. It is clear that L is a linear cone, since P is convex.

We claim that P = L ∩H . Since P = P φ1
n

⊂ H , the easy inclusion is P ⊂

L ∩H . For the reverse inclusion, let p ∈ L ∩H . Then there exists q ∈ P
and r > 0 such that p = rq and p ∈ H . The latter implies that

(35) ψ(p) = φ(p) + 1 = rψ(q) = r(φ(q) + 1) < 1 +
1

n
.

If r ∈ [0, 1], then we are done, since p = rq = 0(1− r) + rq ∈ P (0 ∈ P
and P is open). If, r > 1 then by (35) we have φ(p/r) < 1

r − 1 + 1
nr . This

implies that p/r ∈ P 1

r
−1+ 1

nr
. Since φ ∈ W(P ), by (33) we get that

p ∈ rP 1

r
−1+ 1

nr
= P.

For the reverse direction, assume that if P = C ∩H , where C = y+L is
a convex cone and H is half-space. Let χH−y be the linear defining function
of H .

In this case we take φ(x) := χH−y(x− y)− 1. We notice that φ(y) = −1,
supP φ = 1

n . Moreover, since φ is affine, we obtain that

P φa := {φ < a} =
1− an

1 + n
y +

na+ n

1 + n
P, −1 < a <

1

n
.

Proposition 3.5 now gives and
∫

P φ = 0 and φ ∈ W(P ). �

4. Extremizing rays and plurisupported currents

In proving Theorem 1.4 we heavily rely on the formalism developed in
[17] regarding the metric space of geodesic rays. For more background and
details we refer to this work.

By E1 ⊂ PSH(X, θ) we denote the space of finite energy pontentials:
u ∈ E1 if

∫

X θ
n
u =

∫

X ω
n (where θnu is the non-pluripolar complex Monge–

Ampère measure, defined in [23, Sec. 1]), moreover
∫

X |u|θnu <∞.

By R1 we denote the space of L1 Mabuchi geodesic rays [0,∞) ∋ t→
ut ∈ E1, normalized by u0 = 0 and I(ut) = 0, t ≥ 0.
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By [3, Proposition 5.1] the map t→ d1(ut, vt) is convex for any {ut}t,{vt}t
∈ R1, where we used the conventions of Remark 2.4. In [17] this was used
to define the following metric (see also [8]):

dc1
(

{ut}t, {vt}t
)

= lim
t→∞

d1(ut, vt)

t
.

By [17, Theorems 1.3 and 1.4] we know that (R1, dc1) is complete, more-
over the space of normalized bounded geodesic rays R∞ is dense in R1 [17,
Theorem 1.5].

The radial J functional from (6) can be expressed in very simple terms,
slightly extending [16, Lemma 5.2]:

Lemma 4.1. For {ut}t ∈ R1 we have that J{ut} = supX u̇0 = τ+u =
supX ul

l for any l > 0, where u̇0 := limt→0
ut
t .

Proof. We have that J(ut) =
1
V

∫

X utω
n − I(ut) =

1
V

∫

X utω
n. By [12,

Lemma 3.45] we obtain that

J{ut} = lim
t→∞

J(ut)

t
= lim

t→∞

supX ut
t

.

By Lemma 2.3 t→ supX ut is linear, hence J{ut} =
supX ul

l = τ+u for any
l > 0.

Finally, we argue that J{ut} = supX u̇0. For this we have to argue that
supX u̇0 =

supX ul
l for any l > 0. We make use of Theorem 2.5. To start, we

notice that we can assume that 0 = τ+u = supX
ul
l , l > 0, after replacing ut

with ut − τ+u t.
Since ut := supτ≤0(ûτ + tτ), t ≥ 0, we obtain that ut ≥ û0 for any t ≥ 0.

From τ+u = 0 we also obtain that ut ≤ 0. Since {ûτ}τ is maximal, we obtain
that P [û0] = û0, in particular supX û0 = 0. Moreover, since û0 is usc, there
exists x ∈ X such that supX û0 = u0(x). Since û0 ≤ ut ≤ 0, we obtain that
ut(x) = 0, for all t > 0. By t-convexity, we have u̇0 ≤ 0. But since u̇0(x) = 0,
we conclude that supX u̇0 = 0 =

supX ul
l for any l > 0, finishing the proof. �

Lemma 4.2. For {ut}t ∈ R1 we have d1(0, u1) =
∫

X |u̇0|ω
n and 0 =

I(u1) =
∫

X u̇0ω
n.

Proof. That d1(0, u1) =
∫

X |u̇0|ω
n follows from [4, Lemma 3.4]. What

is more, the argument of [4, Lemma 3.4] is seen to imply I(u1) =
∫

X u̇0ω
n.

�

Given v ∈ PSH(X, θ), we say that v is a model potential if v = P [v],
where P [v] was defined in (17). For more on model potentials we refer to
[13].
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Lemma 4.3. For any {ut}t ∈ R1 and b ≤ a < τ+u we have that

∫

{u̇0≥b}
ωn ≤

(τ+u − b)n

(τ+u − a)n

∫

{u̇0≥a}
ωn.

Moreover [−∞, τ+u ) ∋ s→
( ∫

{u̇0≥s}
ωn

)1/n
is concave.

Proof. It follows from Theorem 2.5 that ûτ ∈ PSH(X,ω) is a model
potential. As a result, by [20, Theorem 1] (cf. [13, Theorem 3.8]) we have
that

∫

X ω
n
ûτ

=
∫

{ûτ=0} ω
n. Moreover, due to basic properties of Legendre

transforms {u̇0 ≥ τ} = {ûτ = 0}, in particular,

(36)

∫

X
ωnûτ =

∫

{u̇0≥τ}
ωn.

Let now b ≤ a ≤ τ+u . We recall that τ → ûτ is concave and PSH(X,ω) ∋ v

→
( ∫

X ω
n
v

)
1

n is concave as well ([15, Theorem B]). As a result, using [30,

Theorem 1.2] we conclude that s→
( ∫

X ω
n
ûs

)1/n
is concave. Together with

(36) this impies the last statement of the lemma. Using concavity we can
write that

(τ+u −a)

(τ+u −b)

(
∫

X
ωnûb

)
1

n

≤
(τ+u −a)

(τ+u −b)

(
∫

X
ωnûb

)
1

n

+
(a−b)

(τ+u −b)

(
∫

X
ωnû

τ
+
u

)
1

n

(37)

≤

(
∫

X
ωn

(τ
+
u −a)

(τ
+
u −b)

ûb+
(a−b)

(τ
+
u −b)

û
τ
+
u

)
1

n

(38)

≤

(
∫

X
ωnûa

)
1

n

.(39)

Comparing with (36), the result follows. �

Before we proceed, let us recall the construction for a special type of
geodesic ray from [11], associated to any v ∈ PSH(X,ω) and a, b ∈ R with
a < b.

With (22) and Theorem 2.5 in mind, let r̂(a, b, v)τ ∈ PSH(X,ω) defined
as follows:

(40) r̂(a, b, v)τ :=



















0, τ ≤ a;

P [ τ−ab−a v], a < τ < b;

limτրb P [ τ−ab−a v], τ = b;

−∞, τ > b.
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By [13, Theorem 3.12] we have that P [r(a, b, v)τ ] = r(a, b, v)τ , τ ∈ R. Hence,
by Theorem 2.5(iii) we obtain that {r̂(a, b, v)τ}τ is a bounded maximal test
curve, inducing a geodesic ray {r(a, b, v)t}t ∈ R∞ that will play a critical
role below, in case v ∈ PSH(X,ω) is plurisupported. Indeed, for v plurisup-
ported it is possible to compute the radial Monge–Ampère and J energies
of {r(a, b, v)t}t:

Proposition 4.4. For any v ∈ PSH(X,ω) plurisupported we have

I{r(−1/n, 1, v)t} = 0,

moreover

2

n+ 1
·
( n

n+ 1

)n
J{r(−1/n, 1, v)t} = d1(0, r(−1/n, 1, v)1).

Proof. We start with computing I{r(−1/n, 1, v)t}. Notice that τ
+
r = 1

and τ−r = −1/n.
We will use numerous times that

∫

X ω
n
P [w] =

∫

X ω
n
w for all w ∈ PSH(X,ω)

([13, Theorem 1.3, Theorem 2.3]). In addition, since v is plurisupported, we
have

∫

X ω
k
v ∧ ω

n−k = 0 for all k ∈ {1, . . . , n}.
Using the above, formula (23) allows to carry out the following calcula-

tions:

I{r(−1/n, 1, v)t} =
1

V

∫ 1

− 1

n

(
∫

X
ωnP [nτ+1

n+1
v] −

∫

X
ωn

)

dτ + 1(41)

=
1

V

∫ 1

− 1

n

(
∫

X
ωnnτ+1

n+1
v −

∫

X
ωn

)

dτ + 1

=
1

V

∫ 1

− 1

n

(

(n− nτ

n+ 1

)n
∫

X
ωn −

∫

X
ωn

)

dτ + 1

=
nn

(n+ 1)n

∫ 1

− 1

n

(1− τ)ndτ −
1

n
= 0.

Since J{r(−1/n, 1, v)t} = τ+r(−1/n,1,v) − I{r(−1/n, 1, v)t} (Lemma 4.1),

and τ+r(−1/n,1,v) = 1, we obtain that J{r(−1/n, 1, v)t} = 1.

Lastly, we compute d1(0, r(−1/n, 1, v)1) =
1
V

∫

X |ṙ(−1/n, 1, v)0|ω
n.

d1
(

0, r(−1/n, 1, v)1
)

=
1

V

∫

X
|ṙ(−1/n, 1, v)0|ω

n

=
2

V

∫

{ṙ(−1/n,1,v)0≥0}

ṙ(−1/n, 1, v)0ω
n
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=
2

V

∫ 1

0
ωn

(

{ṙ(−1/n, 1, v)0 ≥ s}
)

ds

=
2

V

∫ 1

0
ωnr̂sds =

2

V

∫ 1

0
ωnns+1

n+1
v ds

=
2

V

∫ 1

0

(n− ns

n+ 1

)n
∫

X
ωn ds

= 2

∫ 1

0

(n− ns

n+ 1

)n
dτ =

2nn

(n+ 1)n+1
,

where in the second line we have used Lemma 4.2, in fourth line we have
used (36), and in the fifth line we have used that v is plurisupported. �

With the above in hand, we are ready characterize the case of equality
in Proposition 4.3.

Lemma 4.5. Let {ut}t ∈ R∞. Then

∫

{u̇0≥b}
ωn =

(τ+u − b)n

(τ+u − a)n

∫

{u̇0≥a}
ωn

for all τ−u ≤ b ≤ a < τ+u if and only if there exists v ∈ PSH(X,ω) plurisup-
ported such that ut = r(τ−u , τ

+
u , v))t, t ≥ 0.

Proof. We argue the forward direction only, as this is the only impli-
cation that we will use. We leave the simple proof of the reverse direction
to the reader.

Let v = ûτ+
u
. We argue that v is plurisupported and ut = r(τ−u , τ

+
u , v))t,

t ≥ 0.
To start we note that all the inequalities (37),(38) and (39) are equalities.

Taking b = τ−u and a ∈ (τ−u , τ
+
u ) we arrive at:

(τ+u −a)

(τ+u −τ−u )

(
∫

X
ωn

)
1

n

=
(τ+u −a)

(τ+u −τ−u )

(
∫

X
ωn

)
1

n

+
(a−τ−u )

(τ+u −τ−u )

(
∫

X
ωnv

)
1

n

(42)

=

(
∫

X
ωn

(a−τ
−
u )

(τ
+
u −τ

−
u )
v

)
1

n

(43)

=

(
∫

X
ωnûa

)
1

n

.(44)

The equality (44) and the fact ûa is model (Theorem 2.5) implies that

ûa = P
[ (a−τ−

u )

(τ+
u −τ−

u )
v
]

= r̂(τ−u , τ
+
u , v))a for a ∈ (τ−u , τ

+
u ).
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From (43) we have that

(τ+u − a)n

(τ+u − τ−u )n

∫

X
ωn =

∫

X
ωn

(a−τ
−
u )

(τ
+
u −τ

−
u )
v
, a ∈ [τ−u , τ

+
u ].

The multilinearity of nonpluripolar products now implies that
∫

X ω
k
v ∧

ωn−k = 0 for all k ∈ {1, . . . , n}, hence v is plurisupported. �

Before we characterize extremizing rays, let us recall the proof of Theo-
rem 1.3 from [16], sharing striking similarities with the argument of Theo-
rem 3.1:

Theorem 4.6 [16]. Suppose that (X,ω) is a compact Kähler manifold
and {ut}t ∈ R1. Then the following inequalities hold :

(45)
2

n+ 1
·
( n

n+ 1

)n
J{ut} ≤ d1(0, u1) ≤ 2J{ut}.

Proof. Due to Lemma 4.1 and Lemma 4.2, it is enough to argue the
estimates

2

n+ 1
·
( n

n+ 1

)n
sup
X
u̇0 ≤

1

V

∫

X
|u̇0|ω

n ≤ 2 sup
X
u̇0.

Using re-scaling in time, we can further assume that supX u̇0 = 1, hence it
is enough to argue that

(46)
2

n+ 1
·
( n

n+ 1

)n
≤

1

V

∫

X
|u̇0|ω

n ≤ 2.

We first argue the easier second estimate. Let X− := {u̇0 < 0} and X+ :=
{u̇0 ≥ 0}. Since I(u1) =

∫

X u̇0ω
n we have

1

V

∫

X
|u̇0|ω

n =
2

V

∫

X+

u̇0ω
n ≤ 2 sup

X
u̇0.

To address the first estimate, we make the following preliminary calculation:

∫

X
|u̇0|ω

n = 2

∫

X+

u̇0ω
n = 2

∫ 1

0

∫

{u̇0≥x}
ωn dx(47)

≥ 2

∫ 1

0
(1− x)n

∫

{u̇0≥0}
ωn dx =

2

n+ 1

∫

{u̇0≥0}
ωn,

where we used that
∫

f dµ =
∫ +∞
0 µ{f ≥ t}dt for any non-negative µ-measur-

able f , and Lemma 4.3 for the parameters 0 ≤ x ≤ supX u̇0 = 1.
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To estimate
∫

X−
|u̇0|ω

n, we can use a similar technique to the above:

∫

X−

|u̇0|ω
n ≥

∫ 1

n

0

∫

X\{u̇0≥−x}
ωn dx =

∫ 1

n

0

(

V −

∫

{u̇0≥−x}
ωn

)

dx(48)

≥

∫ 1

n

0

(

V − (1 + x)n
∫

{u̇0≥0}
ωn

)

dx

=
V

n
−

( 1n + 1)n+1

n+ 1

∫

{u̇0≥0}
ωn +

1

n+ 1

∫

{u̇0≥0}
ωn,

where in the second line we used Lemma 4.3 again, for the parameters −x
≤ 0 ≤ supX u̇0 = 1.

We now let A > 0 such that

1

2

∫

X
|u̇0|ω

n =

∫

X+

|u̇0|ω
n = −

∫

X−

u̇0ω
n = A

∫

{u̇0≥0}
ωn.

This gives

A

∫

{u̇0≥0}
ωn ≥

1

n
V −

1

n
·
(n+ 1

n

)n ∫

{u̇0≥0}
ωn +

1

n+ 1

∫

{u̇0≥0}
ωn,

implying
∫

X
|u̇0|ω

n = 2A

∫

{u̇0≥0}
ωn ≥

2A

nA+
(

n+1
n

)n
− n

n+1

V.

The right-hand side is an increasing function of A and by (47) we know
A ≥ 1

n+1 . This means the right hand side is minimized at A = 1
n+1 , hence

(49)

∫

X
|u̇0|ω

n ≥
2

n+1
(

n+1
n

)n V =
2

(n+ 1)
·
( n

n+ 1

)n
V,

finishing the proof of (46). �

Theorem 4.7. Suppose that (X,ω) is a compact Kähler manifold and
{ut}t ∈ R1 is such that τ+u = 1 and

(50)
2

n+ 1
·
( n

n+ 1

)n
J{ut} = d1(0, u1).

Then there exists v ∈ PSH(X,ω) plurisupported such that

ut = r
(

−
1

n
, 1, v

)

t
, t ≥ 0.
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Conversely, for any w ∈ PSH(X,ω) plurisupported, the ray
{

r(− 1
n , 1, w)t

}

t
satisfies (50).

We note that the condition τ+u = 1 is a simple normalization, and can be
always be achieved after rescaling in time any ray {ut}t ∈ R1. (50). Though
toric symmetries are not involved, the argument shares similarities with the
proof of Proposition 3.3.

Proof. Let {ut}t ∈ R1 such that (50) holds.
Examining the proof of Theorem 4.6, since all x-integrands are contin-

uous (Lemma 4.3), we conclude that all the inequalities between (47) and
(49) are in fact equalities for our {ut}t ∈ R1. In particular the first line of
(48) implies that u̇0 ≥ − 1

n a.e. on X . This gives ut ≥ − t
n a.e. on X , by

t-convexity. Since ut ∈ PSH(X,ω) we obtain that ut ≥ − t
n globally, hence

{ut}t ∈ R∞.
Equality in the second line of (48) and (47) gives

∫

{u̇0≥x}
ωn =

(1− x)n
∫

{u̇0≥0} ω
n for any x ∈ [− 1

n , 1). Picking x = a, and x = b for

− 1
n = τ−u ≤ b ≤ a < τ+u = 1 we arrive at

∫

{u̇0≥b}
ωn =

(1− b)n

(1− a)n

∫

{u̇0≥a}
ωn.

Lemma 4.5 now implies that there exists v ∈ PSH(X,ω) plurisupported such
that ut = r(τ−u , τ

+
u , v))t, t ≥ 0.

For the reverse direction, let ut := r(−1/n,1,w)t, t ≥ 0 for w∈PSH(X,ω)
plurisupported. Then Proposition 4.4 implies that (50) holds. �
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